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A collision-free or low collision magneto-ionic medium is easily perturbed by a driving 
or pumping wave, even of moderate^ power. Unless the pump wave has longitudinal propa- 
gation, it will generate longitudinal electron velocities as well as differential space charge 
densities. Th(*s(^ quantities, as well as the transverse, pump fi(4d ek^ctron velocities, will 
aff(^ct th(^ i)roi)agation of any (low power) signal or probing wave propagating through the 
nu^dium, which now has oscillating and traveling electron velocity and electron density 
ripples. 

If the pump wave has an angular frequency co^, and that of the signal wave is w.,, two 
first ord(T sum and difference frequency (a)±i = co;, ±cos) wav^es are gc^ierated in the medium. 
It is shown that the gencu'ation of these waves, for which specific refraction laws hold, is 
gr(uilly enhanced if a parametric traveling wav^e r(^sonanc(^ develoi)s in the system or if the 
nonlinear driving force experiences a local resonance. Und(M- cc^rtain conditions, sum and/or 
difference frecjuency waves, usually with two kinds of polarization, will radiate away from 
tlie rc^sonance interaction region. This generation is d(^alt with in detail for homogcuieous 
media, with a discontinuous boimdary, and for slowly inhomog(uieous ones. 

Wav(*s of this kind should be generated easily by a topsidci sounder of modcintc power. 
It should also b(^ possible, with prc^sent day technicpies, to record sum and (lincicnce fre- 
quency "(>cbo(^s" at the giound, if a verv ])owerful pump wave transmitter were used. It is 
interesting to note that not only the true height of normal reflection (at coe = a)s, where 
o)e is the angular plasma frequency) but also the electron density gradient, at fthe same 
level, should be obtainable by such measurements, ])rovided cop^ccs- Since cop could be 
left unchanged, while co., is swept through the sounding ranges of interest, the technical 
arrangements for such experinuMits, which might be very rewarding, should not be overly 
complicated. 

1. Electromagnetic Wave Reflection From the Oscillating, Isotropic, Ionized 

Medium 

We assume that the signal — or probing — wave, of angular frequency cos, and the high power 
^^punip" wave, have polarizations and angles of incidence upon the ionized as shown in figure 1. 

The pump wave generates a nonlinear variation, AA^, of the mean electron density A^^, 
and a longitudinal electron velocity, Vl, in the direction of the pump wave normal. These 
electron density and velocity ''fluctuations^^ travel through the medium, locked to the high 
power wave, and can be written as follows [Rydbeck, 1961], 

AN=yNe cos (c^pt—kpT), (1.1) 

Vl=vI cos (o)pt — kpr), (1.2) 

where co^ and kp are equal to twice the corresponding parameters of the linear pump wave. 
7 and Vl are proportional to the square of its amplitude. 

Besides this nonlinear ''plasma wave," (1.1) and (1.2), one must also consider the linear 
transverse electron velocities, Vt.x and Vt,z, of the pump wave. The total electron velocities 
associated with the pump wave thus become 

'^p,x='i^T,x+^'L,x=VT cos (Pii,p+Vl sin (pu,p, 

'Vp,z=Vt,z+Vl,z-=—Vt sin ipu,p+VL cos cpu,p' (1.3) 
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Figure 1. Depicting polarizations and angles of 
incidence of signal and pump waves. 



1.1. Only Electron Density Oscillations Considered 

In order to distinguish between the two nonlinear effects, we first study the reflection prop- 
erty of the ionized medium when the velocity fluctuations are neglected, i.e., we assume 
Vp=0 = VT, and disregard, for the moment, the fact that these velocities, in reality, always 
differ from zero when AA^ does so. 

The wave equation describing the propagation of the signal wave now can be written 
[Rydbeck, 1963], 



[^^+^^-4^^"^^^+^''' M-V)}]^=o, 



(1.4) 



where xp is proportional to Vy (the electron velocity of the signal wave) and is related to Ey 
in the following (arbitrarily) normalized manner 






(1.5) 



Co=1/Vmo^ =the electromagnetic wave velocity in vacuum, and 






(1.6) 



is the mean electronic plasma frequency. 
We introduce (see also fig. 1) 



Itp lip J ^p,x 

Co 



Cq 



Up^x — t^v S^^ ^11. V) 



and 



<^0 



(1.7) 



where rip is assumed to be a known function of the angular pump frequency, w^. In order to 
make our results more general we do not specify the dispersion relation determining kp, since 
one can, in principle, think of other types of pump waves besides electromagnetic ones. 
Next we introduce the variable 



u=l{o)pt—kpr), 



(1.8) 
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and assume that \l/ can be written as follows, viz, 



where 



tig 

Co 






^^ — 1^0, q^qj 

Co 



(1.9) 



(1.10) 



and o;^ denotes the angular frequency of an unperturbed wave, i.e., for 7=0. When 11^ (u) 
reduces to a constant, as it will in absence of the pump wave, (1.9) represents a plane, sta- 
tionary monochromatic wave. 



Now, let us introduce the characteristic parameter 



On 



co; \i— 7 



where 

n„ can now be written 



\i-KJ' 

dg=nQ.xnv.x-\-ng,^np_^=ngnp cos {fn.v—'Pn.q)- 



n =e-^V9o,,vf' , 



where Ef is a proper solution of the Mathieu equation 



and 



(^^2+^0,, +20, cos 2M)nf>=0, 
2u^i 1 



:^,=7 



Mp l—n; 



(1.11) 
(1.12) 

(1.13) 

(1.14) 
(1.15) 



It is interesting to notice that the important parameter di is independent of co^ (and k^). 'I'he 
solution of (1.14) is now for our purposes written 



11 ^ — co 



where /x^ is the proper root of HilPs determinantal equation,^ 

sin^ (j ^ /i A=: A(0) siu2 (T ^q^ ^ 



(1.16) 



(1.17) 



and the amplitude coefhcients can be obtained from the relations 

[{ix,+j2ny+eo,,]a,,n+0iWn-\-i+a,,n-i) = ^ {n= . . ., -2, - 1 , 0, + 1 , +2, . . .). (1.18) 

As is well known from the theory of Mathieu equations, instability regions are centered 
around the B^^q values 1, 4, 9, etc. In this connection we are mainly interested in the first, and 
most important one (^o.$ = l), since we will neglect the formation of higher order ''side bands'' 
'Oi=oiq±moip, (771=2, 3, . . .). When this is the case, and if ^?<<1, we can write [Rydbeck, 
1954], 

,28.. __ ....... .. ^^^^^^ 



A(o)=i+2 ^ ^?+o(^t) (^K<i; ^o,.-l). 



According to (1.17) 



J^f^q 



does not differ much from 



2^^^,Q 



1 See Whittaker &, Watson: Modern Analysis, p. 416. 
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When ^1=0, i.e., for an unpumped medium, we have 

^x,= ±j^JeZ, (^1=0). 



(1.20) 



Since yp^ must reduce to exp {j{oiqt — k/) ] in this case (no waves are assumed to come' from 
2:=+oo)^ we must according to (1.13) use the upper sign in (1.20). For the moderately 
pumped medium we therefore write 



and obtain 



M(z^ 



=i(V^o., + 6.), (6,->0, if ^1-^0) 



7^ =4- co 



^^^^;(co,^-^,r)+i&,z^^^ Y^ «,.„6^"-^". 



If we introduce (1.21) in (1.17), we obtain 

sin(| 6^ j=sin aq{^fK(fi) cos a^— VI— A(0) sin^ a^j. 



where 

With the notation 



;-v^o.<?. 



A(0) = l+2^, 
where ^2<<i^ we obtain the following approximate ^'bridging'' solution of (1.23), 



K~-\^e,,,-i-^{e,,,^\Y-^ Cy {e«i) 



(1.21) 

(1.22) 

(1.23) 

(1.23a) 
(1.24) 

(1.25) 



where it is to be noted tiiat, by (1.19), 

TT^ TT^ 90 

The instability zones thus are determined by the relations 



-|<VC+i<+| (V^,--i). 



(1.26) 



Whence, «=1) ^«=±i^> (?^<!<C1)- 111 the center of the instability regions the waves thus vary- 
in amplitudes as 

y coj 1 I -t T, ~\ 

or, if l — nl = c4l^l, like exp -< ±- (o^pt—kpr) V- It is interesting to note that this growth or 

decay is independent of co^ (and kq). As ^ Viewed'^ by the traveling pump wave, the amplitudes 
of all other waves in the system do not appear to change. It depends upon the boundary 
condition whether one gets growing or evanescent waves (with time) , or both. In our particular 
case, where no waves are assumed to come from 2= -f oo ^ the unstable waves grow with time and 
decay with kpV. In directions transverse to kp, the amplitudes change with time only. 

By (1.18) the amplitude coefficient relations can be given the following practical forms- 



{n+bj2)(^[d^q+n+bJ2)aq^n=^ (aq,n-i + aq,n-\-i) (n=. 



-1,0, +1, +2,...). (1.27) 
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If we neglect the a,, ±2 terms, a^, +,, and a,,_i become 

«,. +1 ^T ^= — (1 -28) 

"^ {^|e,,,+l+bJ2){l+bJ2) 

a, _,^-^-= ^^ (1.29) 

4 ^^eo,-l+bJ2){l-bJ2) 

If we make use of (1.25) these rehitions can be given the following final forms 

«. +1 -I —= 7-T^ (1 -28^^ 

^ {VC-l+V(-v/^+l)--^?/4} 

from which it appears that |a^,+i| and |a^,-i| are equal to a^,o at tlie boundaries of the instability 
zones. At the center of these zones ar/.+i= ija^.o, where the upper sign corresponds to o-rowino- 
waves (with time), and a,;, _i= ±jcxq,Q- 

From (1.18) it foUows that higher order coefficients experience resonances (and the associ- 
ated mixed frequency field instahilities), w^hen ^'^o,q=±2, ±3, etc. 

Next let us introduce tlie following notations, viz, 

(/= + !: co+i->a?s + CO;, y if (9i->0. (l.:30) 

q—- — 1 : co_i— >co,s — <jOp 

The corresponding \p functions become: 

+ aO.+26+^"2H^-V)+ao.-26-^'2(V-V) + . . . }, (l.'^l) 

Similar expressions can be written down for g=+2(co+2^cos+2cop; ^i— >0), g^— 2(co_2^w5— 20;^; 
(9i-^0), etc. The total field is 

^tot=j:^A^= . . .,-2-1, 0, + l, + 2, . . .). (1.34) 

Q 

The frequencies co^ and the amplitude coefficients ^^ are determined by the boundary 
conditions, and so are k^^x- Thus, if the incident signal wave has an angular frequency co,, 
and an angle of incidence cp^^ 5, one obtains 

cx)o+boO)pl2 = o)s, (1.35) 

h,x+bokp,j2=ks,x=^si^'^ (Pi,s=ko,s^'^n (Pt,s, (1.36) 

relations that can be satisfied only when Im (60) =0, i.e., outside the instability zones. 

Thus, according to (1.31), there are waves of frequencies co^, co^ico^, cos±2o)p, etc., present 
in the system. Therefore (1.33) and (1.34) yield 

o)±i + b^iO)p/2=o)s±oipy (1-37) 
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i^±\, x\ ^± l^p, x/'" — ^s, X i i^v 



(1.38) 



which can only be satisfied when Im (6±i)=0. 

In the following we will neglect the instability zones, which will be discussed in more detail 
in sec. 1.3 in connection with a study of the self oscillation properties of the pumped medium. 

If we neglect the instability zones, we also neglect 6^, which is very small outside the same 
(if ^2<< 1). Relations (1.35) et seq. now reduce to 



These relations yield the reflection laws for the sum and difference frequency waves 

1 



sm <^/.±i=- 



(cos sin v?/, 5±cop sin (Pi,p). 



(1.39) 



(1.40) 



If we include also the higher order waves this relation assumes the general form [Rydbeck 1962] 
1 



sm^/,;,= 



C05±7i'CO, 



{cos sm(pr^s±no)p sin (pi^p) (n= . . ., —2, —I, 0, +1, +2, . . .). (1.40a) 



If (pi,p=(pi,s, we notice that (pi,n=(Pi,s' Furthermore, if <^/, p=0, and cop=2co^ (degenerate 
parametric pumping) we obtain the peculiar result 



<Pi.-i=—(Pi,s' i<Pi,p=0; o)p=2cos)- 



(1.40b) 



Thus, we obtain a reflected wave, of effective frequency co^, in the signal wave incidence direction. 
In order to demonstrate the general nature of (1.40a) we have in figure 2 sketched the first 
order wave spectrum for <^j- ^=0, and cop^Cc^s- 

If we make use of (1.11), and (1.15) relations (1.28), and (1.29) can be written as follows^ 
if bn is nedected, 



Z COaOij) ^ , CO 



- (^=0) 



(1.41) 



2±— (l—nl)—2npng cos ((Pu,p—(Pn,s) 



which shows that the resonance (|a^,±i]^oo) also depends upon the angle, (pu,p—ipu,s, between 
the wave normals of the pump and signal waves. As a matter of fact, one readily verifies 
from (1.41) that, independently of the form of rip (i.e., of the dispersion law assumed for the 
pump wave), a^, ±i can be written in the following practical fashion 






2 ci \k,^,\2-\k,±k. 



-' (K=o) 



(1.42) 
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SIGNAL WAVE , ojc 
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Figure 2. Demonstrating first order wave spectrum 
obtained from the pumped, ionized medium. 
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which demonstrates that the system resonances are of (parametric) traveling wave type. 
Moreover, it is interesting to notice that the higher order coefficients (according to (1.18)) 
similarly can be written 

^..-^..-i|^ ,r I. ]t_^ r,, - (^.=0) (1.43) 

and 

2 -j 

^ ^0 \kq_nr—\k^—nkp\^ 

if aq^n+i is neglected with respect to otq^n-h ^i^d oLq^^n-i with respect to aq^-n-^-i- 
According to (1.42) the first order resonances appear when 

and \K+,\ = ±\K+h\,\ ^^_^^^ 

As will shortly be shown, it depends upon the boundary conditions which ones of these reso- 
nances that are physically possible. 

If we next introduce the boundary reflection and transmission coefficients of the unperturbed 
signal wave, viz, 

r) "^0, S, Z "^S.Z, rp ^>^0. S, Z /-I An\ 

^^''^~k TF"' ''^'"k Tj^' ^ ^ ^ 

where ko,s=^s/(^o, J^nd neglect a-terms proportional to dl (which is not pei'missible in or 
near the instability regions), the boundary conditions (Ey, and H^ continuous for each fre- 
quency component) by (1.5) yield the following first order fields, if ao,o is put ec^ual to one. 

Medium I (s<0) 

+ 7\oIio -m _,^^6+^'^'^-i'-*o.-i.x-+^o.-i.e^)l (1.47) 

^s J 

where E^ is the amplitude of the unperturbed signal wave, and ko, s,x ^ kg^x, ^o. ±i.x=^±i,a:, wliich 
are related to each other by (1.39). The sum and difference frequency '^reflection'' coefficients 
become 

^0, +i- ^t" ~^_:r^^" {ko, +1. .=h, +1 cos <pn, +1, etc.) (1 .48) 

/to. +1, z~Tr^+l, z 

Ro. _,= ^-'- ~^^;+^''-- {k,, _i, ,=^0. -1 cos ^xi. -1, etc.) (1 .49) 

/^O, -1, z\'^-l, z 

Medium II (^>0) 

E,=E'yTs,o [e-^'^^s^-'s.x^-^s,z^) 
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(1.50) 



where the sum and difference frequency ' ^transmission" coefficients are 

0,+l = — 7 XT ' (1.51j 

rp f^O, —I, Z^f^S, Z f^p,z /-, ro\ 

io.-l — — T —J-T U-O^j 

n^O. -1. z^n^-1, z 

It is interesting to notice that, for k^={) (nontraveUng pump wave) these reflection and trans- 
mission coefficients, /?o. ±i; ?o, ±1? reduce to the regular ones for a frequency shifting network. 
According to (1.42) 

2-1 -| 

^0.+lO^O.+l = o-iT XT T AK A_K ' Ko=l) (1-53) 

L Co /to, +1, 2^/t-}-l_ 2 /t + l, 2-t-/ts, 2-t-/tp^ 2 

2-1 -I 

2 Co A*0, -1, z'i/l'-I, 2"^-!, 2~ra's, 2 ^P, 2 

since ao. ±i by (1.39) can be written 

7 We 1 / -.N /I rrN 

«0.±1— o-^p _//. I 7. N2- («0.0=-l). (1.05) 

^ Co f^±l,z \f^s, z^f^p,zj 

Eelation (1.55) is quite general in nature. As will be shown in section 3, for example, similar 
traveling wave resonance coefficients are obtained also for the much more complicated magneto- 
ionic medium. 

According to (1.53), and (1.54) only two parametric resonances are left in the system, viz, 

f^+l, 2^^ (^S. Z\f^p, z) 

(1.56) 

't_l, 2^= \ks, 2 kj)^ z) ' 

The other two resonances cancel out due to the boundary reflection effects. According to (1.50) 
there are two sum and two difference frequency waves generated in medium II. The terms 
exp {—j {ks,z±kp^2)} represent associated waves or ''side bands" of the signal wave caused 
by pump modulation of the same. These waves do not in themselves satisfy the wave equation. 
The remaining waves, represented by the terms To.±i exp {—j k±i^zZ} can be considered as 
natural waves {bg assumed to be zero) and are, to first order, independent solutions of MaxwelPs 
equations. Since the energy balance at the boundary (^=0) of these waves, and of the sum 
and difference frequency waves in medium I, requires that the sign of k±i^ ^ be equal to the sign 
of — (ks^z^kp^.), the resonance (1.56) is possible, if only the condition [^±1,2! = \ks,z:tkp^z\ 
can be satisfied (a situation more easily attainable in the magneto-ionic medium). 

If the pump and signal waves travel in positive ^-direction, i.e., if kp^ z and ks, 2 are positive 
(which we have assumed from the beginning) , the natural sum frequency wave in medium II 
always travels in negative 2-direction, i.e., towards the boundary. As far as the difference 
frequency wave is concerned, we have to distinquish between the two cases cu^^w,,. If 
^p^^^s, the natural difference frequency wave travels in positive 2-direction if kp^z'^ks,zj 
and in negative direction if kp^z^ks,z' When cop<Ccos, the situation is reversed. 

At degenerate parametric resonance \k-i\ = \ks\. This resonance therefore is possible only 
if 2\ks\ >kp, i.e., if n (w.^) >np. If i-p is determined by the properties of the isotropic ionized layer 
only (for an unguided electromagnetic pump wave) , this resonance is not possible for traveling 
waves. 

If we assume that kp = (for example if cop'^^coe^), the degenerate parametric resonance 
requires that 

ns,z=—j^J4:+sm^ <Pi^o=—n.i,z 
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whicli yields one exponentially decreasing wave (with z) in medium II, and one exponentially 
incTeasing; the energy flow associated with this pair is negative (at the frequency oos=cx)p/2). 
This generates the ^^amplified^' signal returning at the peculiar angle — <pi^ ,, from the boundary. 
The pumped ionized medium now acts as an ''amplifying'^ wall, or resonant reflection amplifier, 
tlie necessary power being supplied by the pump wave. Obviously one could consider para- 
metric plasma amplifiers operating on this principle. 

1.2. Electron Velocity Oscillations Also Considered 

This case leads to a more involved wave equation than (1.4), since the equation of motion 
of the electrons now becomes 

If this relation is introduced into Maxwell's equations one obtains the following wave equation 
[Rydbeck, 1963], 

(1.58) 



where 



c)2 52 1 y.2 



Since this equation unfortunately can not be reduced to a Mathieu equation when VpT^O, we 
solve it to first order by series expansion of the following type (quite analogous to the Mathieu 
series when 6^=0), viz, 

^,= 6+^'^V-V^,{a,.o+«,.+i6+^''"+c^,.-i6-^''"+ . . .} (2n = co,t-'kpT). (1.59) 

Next, we put 

vl cos (pipp COS 2u', Vp^x=vl sin (pi[% cos 2u, (1.60) 



where ipii% is the angle that the electron velocity of the pump wave makes with the 2-axis. 
We have used 2u as the general pump wave propagation factor, although this is not correct 
if both linear and nonlinear pump wave quantities are considered. The AA^ and tlie longi- 
tudinal velocity oscillations (vl), which constitute the nonlinear components of the high power 
pump wave, have a t/-value different from that of the transverse, and linear pump wave 
velocity. However, for the sake of simplicity, and since it is natural to treat the effects upon 
the signal wave of the latter velocity separately, we use the same u throughout and later 
adjust the velocity angle, (pii% and u to the relevant case under study. 

If we insert (1.59) and (1.60) in (1.58), and retain only the linear 7 and Vp terms, we obtain 
after some rearrangement of terms, remembering that PI [exp {j(coq^ — /:qr)}] 
= (o:l/cl) exp {j{o^gt-k,r}, 

.1 |l±-^^cos (<pit,-<Pu,s)\^ (if ^0.0=1) (1.61) 

wliere 

r--=^^=- ^ y (1 .62) 

which is a measure of the velocity modulation. It is important to notice from (1.61) that the 
system resonances, as one might expect, remain unchanged, even if the eflects of the pump 
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=0^0. ±1 



wave velocities are considered. Furthermore one notices, as is physically evident, that the 
electron velocities generated by the pump wave do not affect the propagation of the signal 
when \(Pii,p—(pii, 81 = 1^/2, i.e., if the pump velocities are transverse to the signal wave normal. 

(1) Considering only the nonlinear plasma wave component of the pump wave. The 
pump wave in medium I now has the angular frequency co^/2. One finds [Rydbeck, 1961], that 

^ Co ft' J) Tt Co fOp 

where np/2=n(o) 12), and Vp/2 is the amplitide of the linear, i.e., the transverse pump wave 
velocity (of angular frequency 0)^/2) . 

From these relations it is evident that it is not permissible to neglect the nonlinear, 
longitudinal electron velocity generated by the pump wave. The effects of AN, and Vp are of 
the same magnitude, even though the system resonance is not displaced. 

(2) Considering the transverse, linear pump wave velocity only. The pump wave in 
medium I now has the angular frequency co^. By (1.61) we obtain 

(%o=l) 

since rfi!p=<j^ii, ;p(di)7r/2, in this case. Here we note that, for transverse pumping, i.e., the 
pump and signal wave crossing each other perpendicularly, the interaction will be approxi- 
mately at a maximum, and much more efficient than in case 1, where ao, ±i is proportional to 

(^p/^o)^. 

1.3. Notes Concerning the Instabilities of the Pumped, Ionized Medium 

The instability regions, and their effects upon the wave propagation have been neglected 
in our previous investigations. Let us therefore, for the sake of completeness, prove that 
self oscillations are impossible in the infinitely extended (from ^=0 to + oo), ionized medium. 

We now have to evaluate h^ (1.25) for the unstable waves. It can be verified, for example 
from (1.43) and (1.44), that 

It iv 

which yields the important relations 

VV^±^=V^^Tn. (1.65a) 

Let us, as a typical example, study the unstable sum frequency wave. It appears from (1.28a), 
and (1.29a) that we get unstable coq, and coq+co^ waves, if V^o.o+l-^O, and if V^o,+i — 1-^0. 
We thus infer from (1.65) that these resonances are identical. Since h^, and 6+i by (1.25) 
now assume the forms, 



6o^V^o,o+l-V(V^o,o+l)^-(-V2)2;(V^o.o--l) 

6+i^-{V^-l-V(V^i-l)^-^?/4}; (a/^^-+1), (1.66) 

we notice that within the instability range in question 



Im (6o) = Tm (6+0, (V^o.o^ -1; aC^i^ + 1) (1.67) 

which, for waves growing with time, at resonance yields 

6o=6+i=-i^i/2. (V^o=-l;V^ = + l) (1.67a) 
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It is now necessary to retain the q;+i,_i term in (1.32). The growing wave, of complex 
frequency o)o+bo(^p/2, by om' previous relations, assumhig b+i = bo, now can be written 

^(o)^^+H.,+b,.^f2u^^-jil,+^;jc^/2rr^^^^j^^^ (medium II) (1.68) 

:and the corresponding sum frequency wave 

^(+v = ^i-j(.o+o.j,+b,^,/2)^^^-jik^+k.^+b^^^^^^^ (medium II) (1.69) 

where it has to be noted that we, as before, must require that 

f^-\-i,z^f^o,xrf<^p,X' (1-70) 

Since we are investigating the conditions for possible self oscillations, eventual waves present 
in medium I must leave the interface. They therefore assume the forms 

^(o)^^+i(a,o+&o-;,/2)^+^\o"(/o, (mcdium I) (1.71) 

^i+i^=,e+'^^o+-p+^o-p^'''^+^\+i'd^,, (medium I) (1.72) 



where 
If 

we require that 



/co,o — , ana ato, +i — 

Co Co 



h,o,x=h.o sin cpi^o, a^(l ^o,+i,x = ^o.+i sin <pi^^:, 



(1.73) 



W^Aa:/2=(6oWp/2co) sin ipi,o={bQc^p/2co) sin<^i,+i, 
i-^v <Pi.o=^i,+]' Moreover, 



Wo 



-sin <pi,o=h.xy 
and, by (1.70), 



Cq 

i.e., 



^in<Pi,o=Ko.z+f<^p,x, 



(j^p i^p, x 

^0 ko, X 



(1.74) 



which puts an additional restriction on co^ (note: coq unknown). 

The boundary conditions {Ey, and H^ continuous for each frequency component) next 
yield the following two relations, 



<^+i, -i_ 



"^0, 0, 2"r^0, 2 I ^oa!p, zl^ 



«o, ^0,0, 2+^+1, z—kp. z+bokp, z/2 

0:4-1. o__ h, +1. z+K z+kp, z+bpkp, e/2 



(1.75) 
(1.76) 



By (1.28a), and (1.29a) we next obtain 

"^•■"- tIV^-^i-I+VCVVTx-D^-^^mI- ^'' (1.77) 



"0,0 "1 "0.0 

"+'■" = I ^' ^ Q^+1.0 , 

"»■ ° 2 1 Vero+ 1 +V(V^+ !)'-(- V2)2j «o, +1 
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(1.78) 



where it is to be noted that by (1.65), (1.65a), and (1.70) 



V^o,o+i=V^+i-i=l^+ir-l^o+^.h'=F+i.3-(^o,3+^.,e)^ (1.79) 

Since growing*, self oscillations can only be sustained, if (1.77) and (1.78) yield identical 
amplitude coefficient ratios (a+i,o/o^o,o)> it is necessary that 

1. V^+l = 0=V^i-l, i.e., that ^^1,3= ±(Z:o.,+/^,..), (1.80) 

and that 

2 <^+i, -i _Q^+i.o. 

which is possible if 
of if 



«0,0 «0, +1 



C>^ + 1. -l_-,_<^ + 1.0 



^+1 z=h z+K z. that yields ^^±i-^^=l=^^±^^ (1.81) 

0^0,0 Q^o, +1 



Condition (1.81), which is one of the resonance conditions (1.80), yields 1/^^=0, i//^^ = 0, and 
therefore also (Zo = = r/+i. 

Condition (1.82), which yields nonvanishing fields for the resonance condition t+i 2= 

— (/^o. 2+^^,2) only, by (1.73) implies that 

cOp COS <^i.o/^o=— ^p,2, 

which is impossible for a pump wave running in positive ^-direction (/r^, ,>0), as has been as- 
sumed originally (pump source outside the medium). 

We have thus shown that growing self oscillations are not possible for the infinitely ex- 
tended (from 3=0, to + 00) ionized medium, which in this respect is analogous to the parametric 
traveling wave amplifier. This is not necessarily so for a bounded medium. A discussion of 
this interesting case is outside the scope of the present communication, however. And so is 
the case of wave reflection within the instability regions (which are very narrow for weak 
pumping.) 

2. Generation of Natural Sum and Difference Frequency Waves in a Slowly 

Inhomogeneous Medium 

We have seen in the preceding paragraph how the boundary conditions at z^z^ determine 
the possible parametric traveling wave resonances and the amplitudes of the suin and differ- 
ence frequenc}^ waves. Naturally one would like to know what happens in an inhomogeneous 
medium, if resonances occur at some specified level z=Zq. 

Let us therefore consider an inhomogeneous medium, but a slowly varying one, so that 
partial reflections of the signal and pump waves can be neglected. Furthermore we limit our- 
selves, for the sake of simplicity, to an analysis of the difference frequency wave. Since the 
medium is slowly varying in (the ^-direction) the signal wave assumes the form exp {j(cost 

— ks,x^—S^ks,z(lz)}, and similarly the pump wave can be written cos {o^pt—kp^x^—f'kp^zdz). 
The natural, uncoupled difference frequency waves are written 

U'''=e^ '•' J '■' K (a,_.=co-co,). (2.1) 

Since k-]^.x=ks.x—kp,x, (1-4) now yields the following difference frequency field, 

.A*-"=ai^n(^' f n<'>^rfz-n<" Vn^^'^dzX' (2.2) 
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where 

Z Co 

and 

For a slowly varying medium a = ^7 ^ and therefore by (1.5) 

n-c-') ^vo,.,| „_„-*_, ,u-.„M "^^^ y^J /'fk'-'-''' f^ -^/z„<*....-^-..+*-.."'-'(f2 



_ -^■/'/-•'"^ f' -^A**' 



■ r^ -^jz„<*.,2-*/..»-*-i,2'''^(/0'\ 



(2.5) 



One notices that the two coupHni>- integrals may ^'generate" natural [difference frequency 
waves at or near their respective tra\Tling wave resonance levels (compare (1.55)) 

^_i, ,= -(/:•,, e-/C;,,) (2.6) 

and 

k.,,z= + {K~-K,z). (2.7) 

If, for example, ki,^.<^k,2, and a;;;<^co,s<, these resonances actually yield forward, natural differ- 
ence frequency waves, and backward (i.e., ^^refiected'^ from the resonance region) if kp^y^k.^^. 
If we assume that (2.6) holds at some specified level z=Zq, we can write as follows for the 
slowly varying medium 



where 



Vik.,z-kp,.+k-,,;)dz=^{z~z^'l2 = W\ (2.8) 



«-ti 



•\ 



iks,z-kp,z+k^,^,) y (2.9) 



Since we only need to know the electric field of the emerging natural, difl'erence frequency 
wave (i.e., the wave radiated from the interaction region), we can limit ourselves to such 
^-regions, or \z—Zq\ distances, for which W^2>>1. If we make use of the asymptotic form of 
the Fresnel integral, and assume that the condition for forward radiation is satisfied, relation 
(2.5) yields the following difference frequency fields, viz, 
2<Z,, W^^»0 

77.(-i) 7^0 J --i^-fc-i.xU--^a)- r iK, z-K, z)4 a;_i f ^\ /o im 

J^V ^^y ^ ^ *^^^ J ■ <^0, -1, (^0,0=1) (2.10) 

zyz,,W'»o 




ZZz2~cli'm \ Ko-^1). (2.11) 



2k 

Relation (2.10) is analogous to the forced difference frequency part of (1.50). This wave, 
(2.10), which alone does not satisfy the wave equation, is associated with the signal wave and 
can be considered as a ''modulation^' or sideband of the same. Its resonance is independent of 
the sign of ks,z—kp,z, as it should be. 
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V2t 
-—J is a measure of the difference frequency radiation efficiency- 

of the interaction region. If ^ is small, i.e., if the medium parameters vary very slowly, the 
radiation is large, provided the region is so extended that W^ is large at its outer edges. 

If we next consider the second resonance (2.7), which takes place at the same frequencies 
as the former one, (2.6), one finds that (2.5) yields same result as (2.10) and (2.11). The dif- 
ference between the two resonances is purely formal. 

If ^v,z>-^s,z and cop^w^, we obtain a ^'reflected'^ natural difference frequency wave, i.e., 
when the associated difference frequency wave (nonlinear driving force) travels in negative 
^-direction. When the opposite conditions hold, we get a forward difference frequency wave. 
Since the natural sum frequency wave radiates in the running direction of the associated sum 
frequency wave, a '^reflected" sum frequency wave can be obtained only if the pump wave runs 
in negative direction and with —^v.^^s^z- This is in contrast to the case of the disboundary^ 
which always yields also ''reflected'' sum and difference frequency waves. 

The amplitude of the difference frequency reflection coefficient now can be written 

i^°--i-^2^2|i:;jV|Wj ^^-'^^ 

which corresponds to 

of (1.47). 



^ s.qJ-^O, -1<^0, -1 



The frequency dependent phase of the frequency shifted ''echo'' is 

00,-1=1 ' {ks,z—kj,,^—k-x,z)d z (co^>co,). (2.13) 

~^("^s, z i^v. z) 

Since Zq depends upon co^ (as well as co^), the echo delay, r, counted at the level Za for a pulsed 
signal wave (<^i, s aiid <^i, ^ assumed to be zero) becomes 

where Vg^s and %_i are the group velocities of the signal wave and the natural difference fre- 
quency wave. For a forward wave emerging at z=z^C>Zq)j we similarly obtain 



,.(..-.-.) A+(..-,,) iT^+f-lf X (i^rd) <^-"*> 



Vy. 



We thus get a change in effective reflection height of {kp^J^),^ which may be a large 
quantity. It is a measure of the "frequency shift reflection thickness" of the interaction 
region. As the dispersion is very large, it is not sufficient to make use of the first phase- 
frequency derivative only to determine the time of arrival of the frequency shifted wave. 
Such a discussion lies outside the scope of the present communication. 

Since 

V^-l.gjzo^^^ \'^ s, 2 i^p, z) zoy 

and 

f^—l, X^^^^'^ S, X i^p, Xy 

one can sketch the frequency shifted wave normal paths about as shown in figure 3. 
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Figure 3. Demonstrating wave normal path of the 
frequency shifted downcorning wave. 
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3. Electromagnetic Wave Reflection From the Oscillating Magneto-Ionic 

Medium 

Let us assume that the static magnetic field lies in the x-z plane, and that its electronic 
angular gyrofrequency is o^h, with components co^^^co^ cos 6, coj-^co// sin 6, along the z and x 
axes, respectively. 

If we introduce the following operators, viz, 



1 d^ d^ d" 



MoCo 



(3.1) 



and limit ourselves to the case <^i,,s = 0= <^i,p (i.e., vertical incidence) we obtain the following 
nonlinear wave equations for the (second order) electron velocities, vi^\v^^\ v^ , [from the 
nonlinear magneto-ionic theory, Rydbeck, 1962]. 



Dv^^^=Pl(<.,P'eSr^P,+Pl^Sr ^0 - <^TPLPlS^''h=U,, 

D ^=o>r i^.Pl ^^+FL ^')+iPL h-V^lPt) i^.=n. 



bt^ 



df 



cm ^^2 



(3.2) 
(3.3) 
(3.4) 



where 11^, U^, U^ are nonlinear driving terms to be specified later. It is worth noting that a 

annihilates longitudinal magneto-ionic modes. 

Furthermore 



D — P erniP'lmP p'^ ^ tP e) '^^~\~ ^LPpPe' 






By (3.5) relation (3.4) can be given the alternate form 



F 



bv^' 



' dt 



-OiT 






The second order polarizations, S?^ and SP ^ are related to each other as follows 

O (2) ^ \PpPem~\~ ^ tPb) ^/^ i . 0(2) _ ^lA e . o(2) o(2) /i \ 

O^lPlPl ' ' "" Pln^m' ' ~ ' V C.IPIPV 

Relation (3.3) can now be transformed to 

.,(2)_ 0'(2).,(2) I _j/^__ 0(2) (.,(2)^__ rx \ 



(3.5) 



(3.6) 



(3.7) 



(3.8) 
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Thus Si^^=SP, when D=0, i.e., when one has system (traveling wave) resonance. When 
is the case vi^^=S 
D can be written 



this is the case vi^^=SPv'^^ 



n-^n{[«(i.f)+.0^«v(f)'.^-4 



Do 



x--.{[«(>+t>--]l+«V(t)'S-4- 



(3.9) 






Do annihilates the natural ordinary magneto-ionic mode and the plasma oscillation (for which 
p2^0), whereas D^ annihilates the natural extraordinary mode only. D can be used to study 
the transient behavior of the magneto-ionic medium. 
By (3.9) one can also write 



V 



b 
where 



y ^«'{^2 + ^o(c.)| {^2 + ^Uco)|' (3.10) 



koM=^no((^); and k :cM =- n :,{o)) , (3.11) 

(^0 Co 

and Uo and Ux denote ordinary and extraordinary refractive indices respectively. One notices 
that 6 = at the fourth reflection level (referred to the angular frequency) at which \nx[^— ^ . 
In the neighborhood of this level D is conveniently written 

D=-ptPix,.i (iibri^) (i^rr^) ^''^^'^y-'^^^ ('■'''^ 

where Ua is the effective refractive index of the wave, of angular frequency c^a, upon which D 
operates. 

Next, let us introduce the driving force polarization ratio 



O^d i— Aw— Tiw 



Relation (3.2) now yields 



U,= cc',(l-X,)(l-X,-nl){Qa^|^x+j^Py+Yr,,(l-n',)^p,] (F^,,= co^/co,). (3.14) 

If the pump (high power) wave has the Vy velocity 

Vp,y=Vp cos {o)pt—kpZ), (kp=o)pnp/co) (3.15) 

where, quite arbitrarily, kp could refer to an ordinary or extraordinary pump wave, the other 
pump wave velocities become 

Y 

^p,x=—QpVp sin {o)pt—kpZ)\ Vp^,=Vp ^ ^'-Z sin (o:pt—kpZ), (Xp=c4/c4) (3.16) 

1 — yi.p 

with 

I ^2 

Qp=Yl,v-. V " ^2 ' {Yl,p=o)l/o:p)' (3.17) 
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The differential space charge density becomes 

"^h Yt,v ' / 4 1 \ f Po=—eNe \ /oio\ 

Pp=Po — -. ^ Vp sm {oipt~k,z)' < ^^ I Y' (3.18) 

The signal wave, of angular frequency cos, is written 

., _., ^j(cos«-A; 2). ., /) '^ ^j{i^,t-k^z). ., _ J^ T,s ^'.s iia, t-k^z). 

(8.19) 
where 

1—71^ 
Qs=yL,s-. V 'a ' (I^L.s^W^s; ^^7^..s-=W7'M). (3.20) 

4^x, ^i/j ^z can be written [Rydbeck, 1962] 






^.=iV\-o>l -i^; ^,=PiP-o>i '^"; i,=^^, p-c4 ^- (3.21) 



If we limit ourselves to a study of tlic sum and difference frequency terms only, we find 
that 

''.-''..- -., . ^- (. -i5?)-'.- ^' (-i^> <--' 

n=n.,=-..,.^'(.-i^)-... ^■(.-r5,)' <'-^-^> 



and 



tF=-i (p.F,+ p^^,). (3.25) 

Po 



We evaluate next P^, Py, Pz, Ji^^d tr from these relations and obtain for the sum and 
difference terms (index + and — , respectively) 

+Z± ^ (asn,Q,+a,7i,Qi\ e^-("±'-*-±^)/ (3.26) 
Co J 

# = -^ coi [(1-rii) { «A, (l- w) ±«''^» (l~l3^) ^ +^=^ ^ iasns±a,n,)'j e^("±'-*±«, 

^ " (3.27) 

^f =i ^^ cuL [±a»«,{A-±+X^ ^ {n,+n,) ] -(^+^J (1 =FQ.e.)] 6«"±'-^±^ (3.28) 

where 

k±=h±K; X±=co?/a>i;a,=F^,,,/(l-Z,); and a,=rr.^/(l-Xj,). (3.29) 



2 Note: In what follows w* denotes co±i, etc. 
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We now write (3.14) as follows: 



n;; 



,{l~X^)il-X^-nl)4 Q±4'f+Ji^t+YT.±il-nlW 



(3.30) 



-j'^^- 



where 



and by (3.26), (3.27), and (3.28) obtain 

S± = a>L [(1-nL) {aA (l-l3^3 (1±^±Q.) 

-(^+^) (1T(?,(2,)]}+X±^ {a,r.,(l±eiQ,) 



(3.31) 



j(o:,t-k,z) 



(3.32) 



First we notice that ^"^ = 0, if co^^O. This is due to the fact that the differential space 
charges and the longitudinal velocities (which form longitudinal plasma wave pairs coupled to 
the transverse wave by coyr) are zero in this case. Had we considered second order terms in the 
pump wave field (which could easily have been done) this would not have been so. The trans- 
verse magnetic field thus is a very important factor in the nonlinear interaction theory. 

When Xs^l, or Xp^l, we have longitudinal driving force plasma resonance and |^^|-^oo 
(in the collisionless case) . In this connection it is worth noting that 



X 

l-nl 



■^+1-^(1-X). 



-^^i+ff (i-z), 



yUX^l {Y%»\2{l-X)Y,\). 



If these driving force resonances occur in the traveling wave resonance region, the generation 
of sum and difference frequency wave may be greatly enhanced. Even if there is no resonance 
of the latter kind, sudden driving force resonances may cause appreciable sum and difference 
frequency radiation. 

Another level of considerable interest is the fourth reflection one, where \ns\ or \np\^co. 
At this level, determined by 6 = (which indicates that it is a gyroplasma oscillation resonance 
coupling), all electron velocities (and the differential space charge density) become very large. 
This is in contrast to the plasma resonance level, where only the longitudinal velocity becomes 
large (and p«/p, if n,,j,=n^). 

In ionospheric applications this important resonance level is difficult to reach, except from 
a topside sounder. Moreover, traveling wave resonances, which are necessary, since D other- 
wise would grow to large values [see (3.10)], might be critical to obtain at this level in practice 
(6 would have to be zero both for co± and for co^ or Wp). 

Before we continue the discussion, let us express the driving force velocities in the corre- 
sponding Ey fields. We have 



X, 



e 



E^ 

■^8, 



and ?;;,^ ^ ^ ^%,v, 
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(3.33) 



and find that 



Ef = -j "^ j^ I -j f («.«., ±«„a.) ^ e^< "±'-*±^> +v^^^ y > (.3.34) 

^?=-i ^"^ r^l ± "? (n.«/^+ri.a.ft) ^ e>("±'-*±«+z,f |. (3.35) 

We now obtain the final formulae, 

^^^- ^"^i^^^'" -^/col(l-X±)(l-X^-ni)^^//>-^ (3.36) 

and 

i?? = -^^^^— |i<?iC^l(l-A'±)(l-.Y±-«i)|±/Z>± 



where 

Xy mc 



-^ etc. 



In order to study the stationary solutions, we present T) (3.10) in an alternate form, viz, 

where 

n^=k±/<jo^; /io.±=^o(w±); <ind n:r.±='%(co±). (3.39) 

Since we want to study what happens at or near the travelino; wave resonances (D'^ = 0), 
especially to obtain the amplitudes of the natural smn and difference frequency waves, we 
neglect the (in this particular case) insignificant last terms in (3.30) and (3.37). By (3. 38) we 
can write 

j^±_ I'^l vK, y ('^ o^po^s (1 — n;) (1 -nj) ^ _ (1— <±)(l-<±) .± /.>.n^ 

^^- 2 mc, 4 l-nl ^^ ^'^ "^■(/4-<J(^L-<.=)"^ ' ^" ^ 

Ef^jQ^Et. (3.40a) 

Next, let us, in analogy with paragraph 1, determine the natural waves, that leave, or 
approach, the boundary 3=0 between the ionized medium (medium II) and vacuum (medium I). 
We have the following sum and difference frequency waves to consider : 

Medium II 

where jQ^, ± ^^id jQj, ± are sum and difference frequency polarization ratios of the natural 
sum and difference frequency waves. 



Medium I 



7^ _z?(i) i('^'±<+'^±2/co)^ 



(3.42) 
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If we break up the associated wave, Ef, in two components, a± and /S±, with the (natural) 
polarization ratios Qo, ± and Qx, ±, we obtain 



a±=- 






^"" ^"'^ QU+i 



(3.43) 



The boundary conditions now yield 



\—n 



J- %, ± -L 



1— n^ 



i?^?Li=a^iQo,i 



n^ — Un 



I— no,-. 






B^%,=a^'^f^^^^^+fi, ^±-^.,= 



1— '%. 



1— ^^ 



(3.44) 



(3.45) 



The ^ 'reflected'^ field, i.e., tlie wave leaving the boundary (s=0) in medium I, thus is com- 
posed of two parts, with polarizations Qo, ± and Qx, ±, respectively. Since the energy flow in the 
s-direction is 

P[''=nMl+l)\El\'IZo, 



the energy balance at the boundary requires that 

Sign (%±)='1. 



Sign {nx,^)=\ ^^=t^- 



(3.46) 



For sum frequency waves ?^o, ± and Ux, ± are thus always negative (if we assume kp to be positive, 
i.e., a pump wave incident upon the boundary in medium I) . The natural sum frequency modes 
travel always toward the boundary in medium 11. When co^<C CO5, the natural difference frequency 
modes travel towards the boundary, if kp'Cks, and away from it, when kp^ks. When cop> 
cos the situation is reversed. 

If we make use of the fact that 



and 



Q± 



-i- 



X^ 



n±—nl,± 



1— ^±— ^± 1— ?i^,± 



X^ 



n%—m,± 



Qx,:^ l—X^—nl, l—nl,^ 

the ^'reflected," frequency shifted field in medium I can finally be written 



(3.47) 

(3.48) 



^ 2 mco± WgCo± 



± -/"i^/^O 



re 



E^ E^ 



e cOtjO;^ 



(l-n, 



mco-t cogWi 



where it is to be remembered, that Qo,±Qx,±= — '^' 
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np)(l—nt) f jQo,± l+%.± I jQx,± l+nx,± \ 
1—ni \Ql± + ln^+no,^ Q.l±+ln^+nx,±J 



i^e 



(3.49) 

J 

(3.50) 



We notice from (3.49) and (3.50) that only two resonances remain (compare the similar 
situation in section 1), viz, 

'^^0 ±=— ^i and Thx ±=— /^±, 
or 

— (co,iliaj;,)%±=co,7l,±ajpri,;„ | 

V' (3.51) 

— (cOs±COp)n^,±=CO,72,±aJ;,7l;, j 

It is also important to note that these resonances by (3.46) correspond to the correct signs 
fomo,± and 71:j:,±, and are thus physically possible, if |/io, ±|= |(aj,,ri5±aj^7?,p)/(co5±a;p) |, or if {n^^J^ 
= \{o)sns±oipn-p)l{o}s±oip) |. 

The possibilities to obtain these resonances are considerable since //q. ±, /^z. ±, n^ and 7ip 
may vary within wide limits in the magneto-ionic medium. The degenerate case a;4- = 2aji., 
which is of particular interest if one wishes to study the possibilities of obtaining second 
harmonic radiation or second harmonic echoes (£'^, ^^A's^^^amplitude of higher power pri- 
mary wave, co^=co,, etc.; J+ assumes a simpler form) has been investigated in detail by the 
author [Rydbeck, 1962]. 

Ttie second degenerate case, co_=— co^. (whicli leads to the same resonance conditions, al- 
though J~ is diii'ercnt from ^+ of the previous case) is of particular interest, if one wishes to study 
the possibilities of degenerate parametric amplification in the magneto-ionic medium. 

Finally, let us return to the influence of tlie resonances of the driving forces, a situation 
tliat is somewhat different when we discuss the magnitude of Ey, instead of vf\ 

1. Fourth reflection resonance. 

Assume that |np|^oo. We then find from (3.32) that 

J^a(l-/4)^^/;, 
i.e.. 



IF I rV Lj3 / l+%± I l+%.:fc \ I 



which demonstrates that the influence of the driving force resonance is extremely strong. This 
appears to be the most interesting nonlinear resonance in the magneto-ionic medium. 

2. Plasma resonance. 

JLp ^1; 71^0, V ^^j ^x, p ^l* 

a. 7u=nx r,. One finds that 






In contrast to what might be expected, this driving force resonance produces no enhanced 
effects. 

b. Np=no^p. One now finds that 

iT^i _ l—n^ 1 / l+?^o.± , l+%.± \ 

i.e., the effect of the driving force resonance is very profound. A more detailed study of sum 
and difference frequency generation caused by this resonance will appear in the final section 5 
of this communication. 

A further analysis of the traveling wave resonances, (3.51), interesting as it may be, is 
outside the scope and aim of the present communication. That interesting phenomena, 
applicable to topside sounder ionogram interpretations, can be found is likely. 
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4. Generation of Natural Sum and Difference Frequency Waves in a Slowly 

Inhomogeneous Magneto-Ionic Medium 

In order to analyze the resonance radiation of sum and difference frequency magneto-ionic 
modes, we make use of (3.36), which by (3.10) for our present purposes can be written 

X(l-X±-r4)|=^=f=tfc^''"±'~ Ji^tt-iWrf-'! (4.1) 
For the slowly inhomogeneous medium the solution to (4.1) now can be written 






-{e+jj];^''-^^' r e-J^\(f-±f^.+K.^)<i''dz-e-^i[j''^^ T (^-j^\{h.±k,-u±)dziz\\. (4^.^) 



If we assume that resonance takes place at some specified level Sq, where, for example 

kx, ± ^ \ks ookpj, 

and conditions are sucli (see section 2) that a forward extraordinary magneto-ionic mode is 
generated, we obtain 



2<Z0 iW'»l) 



2>2o (W'^»l) 



Ef^i^^e 



jioi^t- fl^{k^±k.p)dz) 






-jfl^^^s^^p^d^ +^{j~ZQ^x, ±^~^+7r/4^ 






[ki^-(k,±k,y][ki^-(ks±k,y] (ki^-ki^)2k,,^ \^^C 

(4.3) 
[For definition of ^ see (2.9).] 

Although the amplitude coefficients are nmch more complicated than in the isotropic 
case, dealt within section 2, the radiation feature is essentially the same. Furthermore it should 
be pointed out, see (3.32), that tlie pump wave, for example, does not have to be of extraor- 
dinary kind in order to generate an extraordinary natural mode. This is a typical feature of 
the nonhnear propagation theory. 

In conclusion a few words should he said about the ray paths. Since we are dealing with 
an anisotropic medium these will deviate from the phase paths. In order to make the dis- 
cussion more general, we assume arbitrary incidence, and noting the direct similarity between 
the coupling integrals of (2.5) and (4.2), write the phase of the downcoming difference frequency 
wave as follows, 

J*'o 1 

iks,^—kp,^—k-l,^)dz-\ — • (co, sm (Ps,o—o)p sin ^^,0) (^2— :ri), (4.4) 

where Xi and X2 are the ray positions corresponding to Za, i.e., X2 for tlie downcoming difference 
frequency wave [note: (Ps,o={^s)n^=o, etc.]. 
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If the sig-nal wave carries the information, for example in pulses, the position of the down- 
coming difi'erence frequency wave is determined by the condition that 

^*^--^ 0, (4.5) 



and by 

C)0o.-i 



=0, (4.5a) 



if the pump wave carries the information. The ray direction of the associated wave, 

exp j ^ o:±t — (k,,,±kp,:,)x- I {k,^,±kp,,)dz V I 

thus has the ra.y (Urection of the signal wave or the pump wave, if the former or the latter 
carries the information. This is another cliaracteristic feature of the nonlinear propagation 
theory. 
Since 

etc., and 



ns,z=^J'ni—slu^ <P,,o, 



1 , . . , 

sm (^-1.0= — (co, sm <Ps,o—oji, sm (p,,.o), 



we obtain 

500, -1 <^x 

-;^ =-— COS(^,,0 

Oif.s, Co 



'<{aUip,-\ r~ ( "^^ J +tan <^_iH ^ (^"^) H^ 






For a very slowly varying medium X2 — X1 tJms approxinnitoly becomes [compare (2.14)] 

X2-Xi^ i ^O-^a+fj^J \ M-. (4.7) 

Due to the ' 'height dispersion" tlie ray path of the downcoming difference frequency wave is 

deformed, as if the frequency shift reflection took place at the level ^o+( "~^^ j ' instead of 

\ en /zq 
at Zq. For this change the wave normal paths in figure 3 have not been corrected. 

Returning to our present case of magneto-ionic vertical incidence ((^,, 0= 0= <^_i, 0) , we obtain 

The difference frequency wave therefore does not come down where the signal wave enters, if 



Since 



1 dn, 1 dn_ 



{us ^)(?)-^^'^-^^''^(^~''^(;))vFir,-4(i-^.)2n; ^^-^^ 
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6 would have to be equal to 0° or 90° for jLt_ safely to be equal to zero. Since the nonlinear 
driving terms disappear if ^=0° (unless we consider second order quantities in the high power 
pump field), we have to select ^—90°, i.e., transverse magneto-ionic propagation, in order to 
obtain reliable traveling wave resonance effects recorded at the same transmitting and re- 
ceiving site (for example in a topside sounder). 

5. Sum and Difference Frequency Generation When the Nonlinear Driving 

Forces Have a Resonance 

For the sake of simplicity we limit ourselves to one resonance only and assume that the 
signal wave experiences longitudinal plasma resonance at some specified level z=Zq. If H is 
the scale height of the electron density, we write accordingly 

A^.= l+^- {(^°)<<l}- f5-l) 

We now have to include (a modest) collision frequency Vs, and replace 

as=YT,sK^—X,) by as,v=YT.sKl—Xs—jd,), 
where 

If the signal wave is of ordinary type, ns=ns,o (see 2b of sec. 3), ^^ near and at the resonance 
level can be written 



^^--^(i--^^)i=fc^2{0-i^^)(^±«^^^)±S; 



-j\ks±k,)dz] y, 



X(n^+n,X^)e'^^' ^'^ ' J ' {X.y^l) (5.2) 

where ks=^. We have (naturally) neglected triple split coupling of the signal wave and like- 
wise have assumed it to be of practically constant amplitude through the important part of 
the resonance region, a helpful but somewhat crude approximation. 
Noticing that 6± can be written 

6.^.i(l-XJXi ^,_,.J^,_,.^J (5.3) 

relation (4.1) yields 

(£+*") (£+*■") ^f »i=fo. ^'-'-/■•■'•-'"", (.«) 

where 

yJT,s {(l-j^) (l±Q±(?.)±j^^ {n^+n,X^)\, (5.5) 



and 



'« -El^yelmo,^, (5.6) 



i.e., the a-c electron velocity that the pump wave would generate, in an isotropic medium. 

Since the evaluation of ordinary and extraordinary natural sum and difference frequency 
waves follows the same procedure, we take the ordinary sum and difference frequency waves 
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as characteristic examples. By (4.1) we obtain approximately 



dz 



\-X-2h, 



(5.7) 



Hcy,6"^A^'^+'^+'«'^ 



where it has to be remembered that /:o,+ must be positive for a downcoming wave. The coupling 
integral, ^+, now becomes (since k^^^) 



where 

One finds that 



-co y—j(^+ 

(T=bJI{k.p+k^^^) and \j={2^—z){kp+ko,+). 
^J27re-\, (7+>0 

.0, cr+<0. 



(5.9) 
(5.10) 



Assuming kp to be positive (pump wave running in positive 2;-direction), we thus find that a 
sum frequency ''echo" is obtained only if the electron density gradient is positive. This is in 
accordance with the physical situation, since the signal wave runs in direction of increasing .V,. 

In order to demonstrate how the ''reflected" difference frequency wave is being built up 
in the driving force resonance region, we have in fi,gure 4 presented the amplitude of the coupling 
integral as a function of y. One notes the (infinite) plasma resonance for o- = 0, and the moder- 
ate fi.eld perturhation in the resonance region, when //<^0. 

If we assume that the pump frequency is larger than 2co,, so that a diflFerence frequency wave 
in principle could propagate away from the resonance region, the coupling integral becomes 



gr.= ar{y,a.)=p_ 



dy, 



where 

(T-=8sH(kp+ko,-), iindy=(zo—2) (kp+h,-). 

It appears from (5.10) that 

— J7re-'-, (7_>0 



0, 



(r-<0. 



(5.11) 

(5.12) 



(5.13) 



IJ(y,cr)I 



Figure 4. Depicting buildup of downcoming sum 
frequency wave. 
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Thus, also in the difference frequency case (cop>2co,.) a positive electron density gradient is 
required for a downcoming wave to be generated. 

For the ordinary forward sum frequency wave the coupling integral becomes 



c5r+=c5r(2/,<^), where h 



3f+=— 3f*(y, ^), where -i 



(T=8sH(kp—ko,+) 

y=(2 — 2o)(kp — h,+) 

a=8sH(ko,+—kp) 
y={z — Zo){ko,^—kp) 



(k^yko, +) 



{kp<Cko, +) 



(5.14) 



Thus, even the generation of a forward wave requires a positive electron density gradient. 
The downcoming sum frequency wave, at the level 3=Za, finally can be written 



where 



(5.15) 



Since 



PP+ r^ 7?(0) Ty^O 

P 

yj<^>s (l-?l|) (!-<+) (!-<+) .^_^ _^2 X 



P = Pmax = 17 , 7 ^^ lOr H 



V, e \kp+ko, 



Vs \kp+h, 



(5.17) 



an optimum that should be attainable at some levels in the ionosphere, the order of magnitude 
of |/?^2\4-i| is vl,yCOc/coVs, if cop is moderately larger than 2cos' 

If we assume the pump wave (the high power wave) to be pulsed, and the signal wave to 
be continuous, the sum frequency ^'echo^' delay becomes 

rT=^ r\k,+kp+ko,+)dz^- J^ Zo-Za+H(^-^+l)\^ (5.18) 

if o)p is so large that (np)^^^!. For the difference frequency '^echo^' delay we similarly obtain 



Co 



provided that cop — cos is so great, that (% -)2^=1- These relations yield 



and 



Co 



^0=^a + T- ^ r 



/^(o)+^(o)_(^0O) 






(5.19) 



(5.20) 



(5.20a) 



By sum and different frequency pulse ^^echo'^ measurement of this kind it is thus in 
principle possible (if cop — ccg is large enough) to obtain not only the true ordinary reflection 
height, 0o(^s=l)j but also the electron density gradient, Ne/H, at the same. Since the pulse 
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measurements have to be done at relatively high frequencies, for example /s=30 Mc/s, r^^ 
and T^-^ can be determined with much greater accuracy than at the unshif ted signal frequency 
coj. Another advantage is the fact that co^, if it is large enough, can remain unchanged, while 
oos is swept through the probing frequency range of interest. 

The immediate question one asks oneself is the following: Is it practically possible to 
perform sum and difl'erence frequency pulse echo measurements of the type just discussed, 
using ground based equipment? If cop>>coo, the amplitude of /i^o^+i by (5.16) approximately 
becomes 

l/^o.+.l-^'f-^-^^ue'-^ /\, Y^,,, (5.21) 

4 Co Vs e . — ^ . {o:p+o)syo)p 

where 

u='^H\kp+ko,+\. (5.22) 

If we assume u to lie in the range 0.08 to 4, i.e., within a i^-ratio of 50, fx>0.20 (Mmax=l), 
and co^/27r=30 Mc/s, (jij2Tr=b Mc/s, we obtain 

which, with Vs=\Q''\ yields |/?o.+i|— -^^ Yt,s' If the ground based pump transmitter has an 

Cq 

effective radiation aperture A, and the ionospheric absorption is neglected at the pump fre- 
quency, v^p y becomes _ 

,0 ^AJ_ [AZ^^ (^_ /mo\ 



v^, 



where Pq is the transmitter power and r the distance from the ground to the Zq— level. Con- 
sidering the fact that the returning sum (or difference) frequency travels practically without 
absorption and that the atmospheric noise level at the sum (or difference) frequency is very 
low, compared to at /s=5 Mc/s, we may assume that a ?;5, ^/co-ratio of 10"^ would yield 
a detectable echo at the ground (provided the regular ionosonde at 5 Mc/s is powerful enough) . 
With an effective antenna area of 10* m^, and ro=300 km, Pq becomes 5 MW. It thus seems 
to lie within the possibilities of present day techniques to perform ionospheric sum and differ- 
ence frequency measurements as outlined. Beyond doubt practical experiments of this type 
would be very interesting and probably also rewarding. 
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